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Drag force, diffusion coefficient, and electric mobility of small particles. II. Application

Zhigang Li and Hai Wang
Department of Mechanical Engineering, University of Delaware, Newark, Delaware 19716, USA

~Received 25 July 2003; published 31 December 2003!

We propose a generalized treatment of the drag force of a spherical particle due to its motion in a laminar
fluid media. The theory is equally applicable to analysis of particle diffusion and electric mobility. The focus
of the current analysis is on the motion of spherical particles in low-density gases with Knudsen number Kn
@1. The treatment is based on the gas-kinetic theory analysis of drag force in the specular and diffuse
scattering limits obtained in a preceding paper@Z. Li and H. Wang, Phys. Rev. E.,68, 061206~2003!#. Our
analysis considers the influence of van der Waals interactions on the momentum transfer upon collision of a gas
molecule with the particle and expresses this influence in terms of an effective, reduced collision integral. This
influence is shown to be significant for nanosized particles. In the present paper, the reduced collision integral
values are obtained for specular and diffuse scattering, using a Lennard-Jones-type potential energy function
suitable for the interactions of a gas molecule with a particle. An empirical formula for the momentum
accommodation function, used to determine the effective, reduced collision integral, is obtained from available
experimental data. The resulting treatment is shown to be accurate for interpreting the mobility experiments for
particles as small as;1 nm in radius. The treatment is subsequently extended to the entire range of the
Knudsen number, following a semiempirical, gas-kinetic theory analysis. We demonstrate that the proposed
formula predicts very well Millikan’s oil-droplet experiments@R. A. Millikan, Philos. Mag.34, 1 ~1917!; Phys.
Rev.22, 1 ~1923!#. The rigorous theoretical foundation of the proposed formula in the Kn@1 limit makes the
current theory far more general than the semiempirical Stokes-Cunningham formula in terms of the particle
size and condition of the fluid and, therefore, more attractive than the Stokes-Cunningham formula.

DOI: 10.1103/PhysRevE.68.061207 PACS number~s!: 47.45.Dt, 05.20.Dd, 05.60.Cd, 65.80.1n
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I. INTRODUCTION

The drag force on a small, spherical particle due to
motion in a laminar fluid has been historically given by t
Stokes-Cunningham formula

F52
6pmRV

11Kn@A1B exp~2E/Kn!#
, ~1!

wherem is the viscosity of the gas,R is the radius of the
particle,V is the velocity vector of the particle relative to th
gas, Kn is the Knudsen number defined asl/R, l is the
mean free path of the gas molecules, andA, B, andE are
empirical constants determined from the much celebra
oil-droplet experiments of Millikan@1–3#.

In the preceding paper@4# ~hereafter referred to as pap
I!, we reviewed the current state of knowledge of the tra
port of small, spherical particles, including drag force, diff
sion, and electric mobility@5#, and concluded that a genera
ized theory of particle transport is not available. Specifica
we showed that in the free-molecule regime, Eq.~1! is valid
only when the collision integral of fluid viscosity,V (2,2)* , is
around unity. As such, it is applicable only to particle moti
in air at room temperature. Furthermore, we demonstra
that Eq.~1! is not applicable when a particle approaches
size of a molecule. The problem arises from the disagr
ment between Eq.~1! and the Chapman-Enskog theory
molecular diffusion@6,7#.

Using the gas-kinetic theory and considering the poten
force of interactions during the collision of particle and flu
molecules, we obtained a rigorous and generalized treatm
of momentum transfer in the free-molecule regime. Mo
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specifically, we examined the limiting cases of specular a
diffuse scattering of fluid molecules upon collision with
spherical particle. The influence of potential force of intera
tions was cast into reduced collision integrals for the t
limiting cases, following the same approach as the Chapm
Enskog theory@6,7#. The resulting drag force is given by

F`52
8

3
A2pmrkTNR2Vavg

(1,1)* V, ~2!

where the subscript̀ denotes the free-molecule regime
Kn@1, mr5mgmp /(mg1mp) is the reduced mass,mg and
mp are the masses of the gas molecule and particle, res
tively, k is the Boltzmann constant,T is the absolute tem-
perature, andN is the number density of the gas. In Eq.~2!,

Vavg
(1,1)* is an effective, reduced collision integral. On the b

sis of Millikan’s experimental evidence and the Chapma

Enskog theory,Vavg
(1,1)* must be bound by the limiting colli-

sion integrals of diffuse and specular scattering. In pape

we proposed thatVavg
(1,1)* be modeled by

Vavg
(1,1)* 5wVd

(1,1)* 1~12w!Vs
(1,1)* , ~3!

wherew (0<w<1) is, in fact, the momentum accommod

tion coefficient@8#, andVd
(1,1)* and Vs

(1,1)* are the reduced
collision integrals for diffuse and specular scattering, resp
tively. In paper I, we obtained mathematical expressions

Vd
(1,1)* andVs

(1,1)* . In the limit of rigid-body collisions, we

found that Vd
(1,1)* 511p/8 and Vs

(1,1)* 51, and for non-
rigid-body collisions the reduced collision integrals usua
©2003 The American Physical Society07-1
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Z. LI AND H. WANG PHYSICAL REVIEW E 68, 061207 ~2003!
assume values larger than those of the rigid-body limit.
comparing the Chapman-Enskog theory of molecular dif
sion and Millikan’s analysis of his data in the context
Epstein’s@9# equations of drag force, we concluded in pap
I that the momentum-accommodation factor is a function
particle size. Therefore, we shall hereafter callw the
momentum-accommodation function.

Figure 1 depicts the schematic variation of the drag co
ficient for Kn@1, kd,`52F` /V, as a function of particle
size in the limits of specular and diffuse scattering~thin
lines!. The shaded bands in Fig. 1 represent the correc
due to non-rigid-sphere collisions. The mixed scatter
model, shown by the dark band, accounts for the non-rig
sphere correction as well as the variation ofw as a function
of the particle size.

The particle transport theory given by Eqs.~2! and ~3!
contains several important features@4#. With w50 the theory
reproduces the first approximation of the Chapman-Ens
theory of molecular diffusion. Second, Epstein’s drag fo
formulations@9# are shown to be special cases of the curr
theory in the limit of rigid-body collisions. Last, the curre
theory should reproduce Millikan’s oil-droplet data with aw
value of about 0.9. As such this theory is general with resp
to the variation of particle size and the fluid conditions
long as Kn@1.

The objective of the current paper is to develop a sim
mathematical model for the momentum-accommodat
function w on the basis of available experimental data. T
values of reduced collision integrals are tabulated fo
Lennard-Jones-type potential energy function, as will be d
cussed in Sec. II. In Sec. III, we will parametrize th
momentum-accommodation function and demonstrate
the theory given by Eqs.~2! and~3! is quantitatively predic-
tive against existing experimental data. In Sec. IV, an ext
sion of the current theory to the transition (Kn;1) and con-

FIG. 1. Schematic of the drag coefficient as a function of p
ticle radius for Kn@1. The bends above the hard-sphere limits
caused by the influence of the van der Waals force on the colli
cross section. The mixed-scattering model shows the transition f
specular scattering to diffuse scattering as the particle radius
creases~see text!.
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tinuum (Kn!1) regimes is developed following
semiempirical approach. The resulting generalized theory
spherical particle transport is shown to be applicable over
entire range of the Knudsen number.

II. COLLISION INTEGRALS AND POTENTIAL ENERGY
OF INTERACTIONS

In paper I, the expression for the reduced collision in
gral was obtained as

Vd(s)
(1,1)* 5

*0
` exp~2g2!g5Qd(s)~g!dg

pR2 , ~4!

whereQd(s)(g) is the energy-dependent collision cross se
tion andg5gA2kT/mr . Although our theoretical develop
ment differs from the approach of the Chapman-Ensk
theory of molecular diffusion@4#, Eq. ~4! is identical to the
first approximation of that theory. The expressions for t
collision cross section were also developed. For diffuse s
tering, we have

Qd~g!52pF E
0

b0S 11
1

g
ApkT

2mr
sin

x

2D bdb

1E
b0

`

~12cosx!bdbG , ~5!

and for specular scattering,

Qs~g!52pE
0

`

~12cosx!bdb, ~6!

wherex is the scattering angle,b is the impact parameter@7#,
andb0 is the critical impact parameter below which the g
molecule undergoes physical contact with the particle in
scattering process@4,7#. For both diffuse and specular sca
tering, the collision integral is influenced by the potent
function of interactions via the scattering angle, i.e.,

x~g,b!5p22bE
r m

` dr

r 2A12
b2

r 2 2
F~r !

mrg
2/2

, ~7!

where r and F(r ) are, respectively, the center-to-cent
separation and potential energy of interactions between
gas molecule and particle, andr m is the distance of the clos
est encounter.

For rigid-body collisions,Vd
(1,1)* /Vs

(1,1)* 511p/8. For
non-rigid-body collisions, this ratio is theoretically large
than unity@4#. As an example, Fig. 2 shows the variations

Vs
(1,1)* andVd

(1,1)* as a function of the reduced temperatu
for a Lennard-Jones 12-6 potential. Here, the reduced t
perature is given byT* 5kT/« @7#, where« is the potential-
energy well depth.

While the Lennard-Jones 12-6 potential function is gen
ally adequate for van der Waals interactions of molecu
species, there is no evidence that the function is applica

-
e
n
m
n-
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for the interactions of gas molecule with a particle. A pote
tial function more relevant to molecule-particle interactio
is perhaps the one recently proposed by Rudyak and K
nolutski @10–12#. This potential function was constructed b
summing the Lennard-Jones 12-6 potential energy of in
action between a fluid molecule with all atoms or molecu
in the particle. Although there is some evidence that the
persion forces are nonadditive@13#, we nonetheless propos
to use the Rudyak-Krasnolutski function because of lack
alternatives.

The Rudyak-Krasnolutski function considers a repuls
potential termF9(r ) in the short range and the attractiv
potential termF3(r ) in the long range of separations,

F~r !5F9~r !2F3~r !. ~8!

Here

F i~r !5Ci$@~r 2R!2 i2~r 1R!2 i #

2ai@~r 2R!2 i 112~r 1R!2 i 11#%, ~9!

where

a959r /8,

a353r /2,

C954p«s12/~45V!,

C352p«s6/~3V!,

FIG. 2. Variations of the reduced collision integralV (1,1)* as a
function of reduced temperatureT* 5kT/« for the Lennard-Jones
12-6 potential function. The specular scattering result is taken f
Hirschfelderet al. @7#; the diffuse scattering result was computed
the present work.
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V is the effective volume of the particle per molecule a
may be related to the mass density of the particlers by V

5M̄ /rs , and M̄ is the mean atomic mass of the partic
material. The 9-3 potential function is related to molecu
interactions via the parameters« and s, i.e., the Lennard-
Jones 12-6 well-depth and collision diameter for the inter
tions of the fluid molecule and the constituent atom or m
ecule of the particle. Here the pair potential parameters m
be estimated from the parameters of self-interactions thro
the well-accepted combination rules@14#,

s5
sg1sp

2
, ~10!

«5A«g«p, ~11!

where the subscriptsg and p denote the fluid molecule an
constituent atom or molecule of the particle.

As an example, Fig. 3 shows the variation of the poten
energy for the interaction of a nitrogen molecule with a silv
particle, as a function of reduced separationr /R. The poten-
tial energy is computed using the Lennard-Jones 12-6 po
tial parameters of nitrogen molecule (sg53.652 Å and
«g /k598.4 K @15#!, and silver atom (sp52.54 Å and
«p /k53995.4 K @16#!. The mass density of the silver pa
ticle is rs510.5 g/cm3 @17# based on the assumption that it
identical to the bulk material. It is seen that the well depth
essentially independent of the particle radius. This is
pected sinceC3 and C9 are essentially independent of th
particle size if the effective volumeV is a constant.

m

FIG. 3. The potential energy of interactions for a silver partic
of radiusR and a nitrogen molecule as a function of the center-
center separation distancer . The potential energy is computed u
ing a 9-3 potential function, Eq.~4! (sg53.652 Å, «g /k
598.4 K, sp52.54 Å, «p /k53995.4 K, andrs510.5 g/cm3!.
7-3
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In defining the reduced collision integralsVs
(1,1)* and

Vd
(1,1)* , we usepR2 as the collision cross section@4# for the

purpose of convenience. Obviously, the actual cross sec
must be larger thanpR2 @18# because of finite gas-molecu
size. Following the approach of Ferna´ndez de la Moraet al.
@18#, an alternative choice can be made by usingpsg2p

2 ,
where sg2p is the actual collision diameter. The collisio
diameter may be defined by the center-to-center separa
corresponding toF(sg2p)50 or, simply, by a sum of the
particle radius and one-half of the collision diameter of t
gas molecule, i.e.,sg2p5R1sg /2. Then theR2 term in Eq.
~2! is replaced bysg2p

2 . Theoretically this alternative ap
proach is more rigorous, but practically the approach ma
it very difficult to tabulate the collision integrals becau
they would have to be dependent on at least three inde
dent variables, as compared to two independent variable
pR2 is chosen as the cross section.

We note that practically the choice of cross section
inconsequential to the prediction of the drag force. The
tential force of interactions affects the drag force primarily
the limit of small particle radius. It can be shown that t
drag force is exact as long as the potential function is ac
rate and that the particle radius in Eq.~9! truthfully repre-
sents the particle size. In the large-particle-size limit, ho
ever, the choice ofpR2 theoretically introduces som
inaccuracy, since the reduced collision integrals do not
orously approach their asymptotic limits of rigid-sphere c
lisions. This, however, should not be a problem because~a!
for large particles the potential force of interactions is uni
portant and~b! psg2p

2 naturally approachespR2 in the limit
of largeR.

Below we show that the reduced collision integrals giv
by Eq. ~4! can be tabulated as a function of only two ind
pendent potential parameters. We introduce the dimens
less center-to-center separation as

r 85
r

R
~12!

and collision diameter as

s85
s

R
. ~13!

We further introduce an effective well depth as

«852p«s3/3V. ~14!

The potential energy is nondimensionalized asF8(r 8)
5F(r 8)/«8 and

F8~r 8!5
2

15
s89H 1

~r 821!9 2
1

~r 811!9 2
9

8r 8 F 1

~r 821!8

2
1

~r 811!8G J 2s83H 1

~r 821!3 2
1

~r 811!3

2
3

2r 8 F 1

~r 821!2 2
1

~r 811!2G J . ~15!
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It is apparent that the collision integrals are functions ofs8
and«8 only.

In Figs. 4 and 5 we plot theVs
(1,1)* andVd

(1,1)* values as
functions ofs8 and the modified reduced temperatureT* ,

T* 5
kT

«8
. ~16!

As expected, corrections to the rigid-body collision mod
are larger at lower temperatures and smaller particle rad

as evidenced by the largerVd(s)
(1,1)* values at smallerT* and

larger s8. Toward high temperatures and large particle
dius, the collision integrals approach their respective rig

sphere limits ofVd
(1,1)* 511p/8 andVs

(1,1)* 51. For practi-

FIG. 4. Variation of the reduced collision integral for specu
scattering as a function of modified reduced temperatureT*
5kT/«8 and the reduced collision diameters8.

FIG. 5. Variation of the reduced collision integral for diffus
scattering as a function of modified reduced temperatureT*
5kT/«8 and the reduced collision diameters8.
7-4
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5.44
4.68
4.23
3.92
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TABLE I. Reduced collision integralVs
(1,1)* .

T*

s8

0.01 0.03 0.05 0.07 0.09 0.11 0.13 0.15 0.17 0.19 0.2 0.3 0.4 0.5

0.10 1.05 1.14 1.23 1.35 1.44 1.55 1.67 1.75 1.86 2.01 2.05 2.74 3.56 4.47
0.15 1.04 1.12 1.20 1.30 1.37 1.47 1.58 1.65 1.74 1.87 1.91 2.47 3.16 3.91
0.20 1.04 1.11 1.18 1.27 1.35 1.43 1.53 1.59 1.67 1.78 1.82 2.32 2.92 3.57
0.25 1.04 1.10 1.17 1.25 1.32 1.40 1.49 1.55 1.62 1.72 1.76 2.21 2.75 3.34
0.30 1.04 1.10 1.16 1.24 1.31 1.37 1.46 1.52 1.59 1.67 1.71 2.13 2.63 3.16
0.35 1.03 1.10 1.16 1.22 1.29 1.35 1.44 1.49 1.56 1.64 1.67 2.07 2.53 3.02
0.40 1.03 1.09 1.15 1.21 1.27 1.34 1.42 1.48 1.53 1.62 1.64 2.02 2.45 2.91
0.45 1.03 1.08 1.14 1.21 1.27 1.32 1.40 1.46 1.52 1.59 1.62 1.98 2.38 2.81
0.50 1.03 1.08 1.14 1.20 1.26 1.31 1.39 1.44 1.50 1.57 1.60 1.95 2.33 2.73
0.55 1.03 1.08 1.13 1.19 1.25 1.30 1.38 1.43 1.49 1.55 1.58 1.92 2.28 2.65
0.60 1.03 1.08 1.13 1.19 1.24 1.29 1.36 1.42 1.47 1.54 1.57 1.89 2.23 2.59
0.65 1.03 1.08 1.13 1.18 1.24 1.29 1.35 1.41 1.46 1.52 1.55 1.86 2.19 2.53
0.70 1.03 1.07 1.12 1.18 1.23 1.28 1.35 1.40 1.45 1.51 1.54 1.84 2.16 2.48
0.75 1.02 1.07 1.12 1.18 1.23 1.28 1.34 1.39 1.44 1.50 1.53 1.82 2.12 2.43
0.80 1.02 1.07 1.12 1.17 1.22 1.27 1.33 1.38 1.43 1.49 1.52 1.80 2.09 2.39
0.85 1.02 1.07 1.12 1.17 1.22 1.27 1.32 1.38 1.43 1.48 1.51 1.78 2.06 2.36
0.90 1.02 1.07 1.12 1.17 1.21 1.26 1.32 1.37 1.42 1.47 1.50 1.77 2.04 2.32
0.95 1.02 1.07 1.11 1.16 1.21 1.25 1.31 1.36 1.41 1.46 1.49 1.75 2.02 2.29
1.00 1.02 1.07 1.11 1.16 1.21 1.25 1.31 1.36 1.41 1.45 1.48 1.74 1.99 2.26
1.10 1.02 1.06 1.11 1.16 1.20 1.25 1.30 1.35 1.40 1.44 1.47 1.71 1.96 2.21
1.20 1.02 1.06 1.11 1.15 1.20 1.24 1.29 1.34 1.38 1.43 1.46 1.69 1.92 2.16
1.30 1.02 1.06 1.11 1.15 1.19 1.23 1.28 1.33 1.38 1.42 1.44 1.67 1.89 2.13
1.40 1.02 1.06 1.10 1.14 1.19 1.23 1.28 1.32 1.37 1.41 1.43 1.65 1.87 2.09
1.50 1.02 1.06 1.10 1.14 1.19 1.22 1.27 1.31 1.36 1.40 1.42 1.63 1.84 2.06
1.60 1.02 1.06 1.10 1.14 1.18 1.22 1.27 1.31 1.35 1.39 1.41 1.62 1.82 2.04
1.70 1.02 1.06 1.10 1.14 1.18 1.22 1.26 1.30 1.34 1.38 1.41 1.60 1.81 2.01
1.80 1.02 1.06 1.10 1.14 1.18 1.21 1.26 1.30 1.34 1.37 1.40 1.59 1.79 1.99
1.90 1.02 1.05 1.10 1.13 1.17 1.21 1.25 1.29 1.33 1.37 1.39 1.58 1.77 1.97
2.00 1.02 1.05 1.10 1.13 1.17 1.21 1.25 1.29 1.33 1.36 1.38 1.57 1.76 1.96
3.00 1.02 1.05 1.09 1.12 1.15 1.19 1.22 1.25 1.29 1.32 1.34 1.50 1.67 1.84
4.00 1.02 1.05 1.08 1.11 1.14 1.17 1.20 1.23 1.26 1.29 1.31 1.46 1.62 1.79
5.00 1.01 1.05 1.07 1.11 1.13 1.17 1.19 1.22 1.25 1.28 1.29 1.44 1.59 1.75
6.00 1.01 1.05 1.07 1.10 1.13 1.16 1.18 1.21 1.23 1.27 1.28 1.42 1.57 1.72
7.00 1.01 1.04 1.07 1.10 1.12 1.15 1.18 1.20 1.23 1.26 1.27 1.41 1.55 1.70
8.00 1.01 1.04 1.07 1.10 1.12 1.15 1.17 1.19 1.22 1.25 1.26 1.40 1.54 1.68
9.00 1.01 1.04 1.06 1.09 1.11 1.14 1.17 1.19 1.22 1.24 1.26 1.39 1.53 1.67

10.00 1.01 1.04 1.06 1.09 1.11 1.14 1.16 1.19 1.21 1.24 1.25 1.38 1.52 1.66
20.00 1.01 1.03 1.06 1.08 1.10 1.12 1.15 1.17 1.19 1.21 1.23 1.34 1.47 1.60
30.00 1.01 1.03 1.05 1.07 1.09 1.12 1.14 1.16 1.18 1.20 1.21 1.33 1.44 1.56
40.00 1.01 1.03 1.05 1.07 1.09 1.11 1.13 1.15 1.17 1.19 1.21 1.31 1.43 1.54
50.00 1.01 1.03 1.05 1.07 1.09 1.11 1.13 1.15 1.17 1.19 1.20 1.31 1.41 1.53
60.00 1.01 1.03 1.05 1.07 1.09 1.11 1.13 1.14 1.16 1.18 1.20 1.30 1.41 1.52
70.00 1.01 1.03 1.05 1.06 1.08 1.10 1.12 1.14 1.16 1.18 1.19 1.29 1.40 1.51
80.00 1.01 1.03 1.05 1.06 1.08 1.10 1.12 1.14 1.16 1.18 1.19 1.29 1.39 1.50
90.00 1.01 1.03 1.05 1.06 1.08 1.10 1.12 1.14 1.16 1.18 1.19 1.28 1.39 1.49

100.00 1.01 1.03 1.04 1.06 1.08 1.09 1.12 1.14 1.15 1.17 1.18 1.27 1.38 1.48
e

ar-

m-
cal uses, theVs
(1,1)* and Vd

(1,1)* values are tabulated in
Tables I and II, respectively, as functions ofs8 andT* . The
ranges ofT* (,100) ands8~,0.6! values were chosen to b
sufficiently wide for all practical purposes. The maximums8
06120
value ensures that the collision integral is applicable to p
ticles with radius as small as 0.5 nm.

The reduced collision integral values may be para
etrized by the following two equations:
7-5
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6.29
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5.55
5.29
5.09
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4.76
4.63
4.52
4.42
4.33
4.25
4.18
4.11
4.05
4.00
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3.86
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Z. LI AND H. WANG PHYSICAL REVIEW E 68, 061207 ~2003!
TABLE II. Reduced collision integralVd
(1,1)* .

T*

s8

0.01 0.03 0.05 0.07 0.09 0.11 0.13 0.15 0.17 0.19 0.2 0.3 0.4 0.5

0.10 1.52 1.70 1.87 2.04 2.22 2.38 2.56 2.73 2.92 3.10 3.20 4.20 5.32 6.57
0.15 1.51 1.67 1.82 1.97 2.12 2.27 2.41 2.57 2.72 2.88 2.96 3.81 4.75 5.79
0.20 1.49 1.65 1.78 1.92 2.06 2.19 2.33 2.46 2.61 2.75 2.82 3.58 4.41 5.31
0.25 1.49 1.63 1.76 1.89 2.02 2.14 2.26 2.39 2.52 2.65 2.72 3.41 4.17 4.99
0.30 1.48 1.62 1.74 1.86 1.98 2.10 2.22 2.34 2.46 2.58 2.64 3.29 3.99 4.74
0.35 1.48 1.61 1.73 1.84 1.96 2.07 2.18 2.29 2.41 2.52 2.58 3.20 3.85 4.55
0.40 1.48 1.60 1.72 1.83 1.94 2.04 2.15 2.26 2.37 2.48 2.53 3.12 3.74 4.39
0.45 1.47 1.60 1.71 1.81 1.92 2.02 2.12 2.23 2.33 2.44 2.49 3.05 3.64 4.26
0.50 1.47 1.59 1.70 1.80 1.90 2.00 2.10 2.20 2.30 2.40 2.46 2.99 3.56 4.14
0.55 1.47 1.59 1.69 1.79 1.89 1.98 2.08 2.18 2.28 2.38 2.43 2.94 3.48 4.04
0.60 1.47 1.58 1.68 1.78 1.88 1.97 2.06 2.16 2.26 2.35 2.40 2.90 3.42 3.95
0.65 1.47 1.58 1.68 1.77 1.87 1.96 2.05 2.14 2.24 2.33 2.37 2.86 3.36 3.88
0.70 1.47 1.57 1.67 1.76 1.86 1.94 2.03 2.12 2.22 2.31 2.35 2.82 3.31 3.81
0.75 1.47 1.57 1.67 1.76 1.85 1.93 2.02 2.11 2.20 2.29 2.33 2.79 3.26 3.74
0.80 1.47 1.57 1.66 1.75 1.84 1.92 2.01 2.10 2.19 2.27 2.31 2.76 3.22 3.68
0.85 1.47 1.56 1.66 1.74 1.83 1.91 2.00 2.09 2.17 2.25 2.30 2.73 3.18 3.63
0.90 1.47 1.56 1.65 1.74 1.82 1.91 1.99 2.07 2.16 2.24 2.28 2.71 3.14 3.59
0.95 1.47 1.56 1.65 1.73 1.82 1.90 1.98 2.06 2.15 2.23 2.27 2.68 3.11 3.54
1.00 1.47 1.56 1.64 1.73 1.81 1.89 1.97 2.05 2.14 2.21 2.25 2.66 3.08 3.50
1.10 1.47 1.55 1.64 1.72 1.80 1.88 1.96 2.04 2.12 2.19 2.23 2.62 3.02 3.43
1.20 1.46 1.55 1.63 1.71 1.79 1.87 1.94 2.02 2.10 2.17 2.21 2.59 2.98 3.37
1.30 1.46 1.54 1.63 1.70 1.78 1.86 1.93 2.01 2.08 2.15 2.19 2.56 2.93 3.32
1.40 1.46 1.54 1.62 1.70 1.78 1.85 1.92 1.99 2.07 2.14 2.17 2.53 2.90 3.27
1.50 1.46 1.54 1.62 1.69 1.77 1.84 1.91 1.98 2.05 2.12 2.16 2.51 2.86 3.23
1.60 1.46 1.54 1.61 1.69 1.76 1.83 1.90 1.97 2.04 2.11 2.14 2.48 2.83 3.20
1.70 1.46 1.54 1.61 1.68 1.76 1.82 1.89 1.96 2.03 2.09 2.13 2.46 2.81 3.16
1.80 1.46 1.53 1.61 1.68 1.75 1.82 1.88 1.95 2.02 2.08 2.12 2.45 2.78 3.13
1.90 1.46 1.53 1.61 1.68 1.74 1.81 1.88 1.94 2.01 2.07 2.10 2.43 2.76 3.11
2.00 1.45 1.53 1.60 1.67 1.74 1.80 1.87 1.94 2.00 2.06 2.09 2.41 2.74 3.09
3.00 1.44 1.52 1.58 1.64 1.70 1.76 1.82 1.88 1.94 1.99 2.02 2.31 2.61 2.93
4.00 1.43 1.51 1.57 1.62 1.68 1.74 1.79 1.84 1.90 1.95 1.98 2.26 2.55 2.85
5.00 1.43 1.50 1.56 1.61 1.67 1.72 1.77 1.82 1.87 1.93 1.95 2.22 2.50 2.80
6.00 1.43 1.49 1.55 1.60 1.66 1.71 1.76 1.81 1.86 1.91 1.93 2.20 2.48 2.77
7.00 1.42 1.49 1.54 1.60 1.65 1.70 1.74 1.79 1.85 1.90 1.92 2.18 2.45 2.75
8.00 1.42 1.48 1.54 1.59 1.64 1.69 1.73 1.78 1.84 1.89 1.91 2.17 2.44 2.73
9.00 1.42 1.48 1.54 1.59 1.64 1.68 1.73 1.78 1.83 1.88 1.90 2.16 2.43 2.71

10.00 1.42 1.47 1.52 1.57 1.62 1.67 1.72 1.77 1.82 1.87 1.89 2.15 2.42 2.70
20.00 1.42 1.46 1.51 1.55 1.60 1.65 1.69 1.74 1.79 1.84 1.87 2.11 2.37 2.65
30.00 1.41 1.46 1.50 1.55 1.59 1.64 1.68 1.73 1.78 1.82 1.85 2.09 2.34 2.61
40.00 1.41 1.46 1.50 1.54 1.59 1.63 1.68 1.72 1.77 1.82 1.84 2.08 2.33 2.59
50.00 1.41 1.46 1.50 1.54 1.59 1.63 1.67 1.72 1.77 1.81 1.83 2.06 2.31 2.58
60.00 1.41 1.46 1.50 1.54 1.58 1.63 1.67 1.72 1.76 1.81 1.83 2.06 2.31 2.57
70.00 1.41 1.45 1.50 1.54 1.58 1.63 1.67 1.71 1.76 1.81 1.82 2.05 2.30 2.56
80.00 1.41 1.45 1.50 1.54 1.58 1.62 1.67 1.71 1.76 1.80 1.81 2.05 2.29 2.56
90.00 1.41 1.45 1.50 1.54 1.58 1.62 1.67 1.71 1.76 1.80 1.81 2.04 2.29 2.55

100.00 1.41 1.45 1.50 1.54 1.58 1.62 1.67 1.71 1.76 1.80 1.81 2.04 2.29 2.55
re
Vd
(1,1)* 511

p

8
1F1.0721

2.078

T* 1/4 1
1.261

T* 1/2Gs8

1F3.2852
8.872

T* 1/4 1
5.225

T* 1/2Gs82 ~17!

and
06120
Vs
(1,1)* 511F0.3161

1.47

T* 1/41
0.476

T* 1/2Gs8

1F1.532
5.013

T* 1/4 1
4.025

T* 1/2Gs82. ~18!

Both equations satisfy the asymptotic limits of rigid-sphe
7-6
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collisions atT* →` and/ors8→0. The maximum fitting er-
rors are 4.4% and 3.3% for Eqs.~17! and ~18!, respectively.
Both occur for larges8 and smallT* , i.e., the high curvature
areas shown in Figs. 4 and 5. In other areas, the fitting e
is well within 2%.

III. MOMENTUM-ACCOMMODATION FUNCTION

As discussed earlier, the momentum-accommoda
function w essentially describes, with an increase in the p
ticle size, the transition of the dominant outcome of collisi
between a gas molecule and a particle from specular sca
ing to diffuse scattering. Based on experimental and theo
ical evidence,w should assume the asymptotic values of;1
and 0 in the limits of large and small particle sizes, resp
tively @4#. The transition is expected to occur at a partic
diameter of a few nanometers@19#. Beyond the aforemen
tioned evidence, little is known about the shape and form
the momentum-accommodation function. Therefore we
forced to treat this function empirically and propose that t
function be modeled by the following equation:

w5
110.9Kn$121/@11~R/b!a#%

11Kn
. ~19!

Clearly Eq. ~19! reduces to unity for Kn!1. This limiting
condition is found to be important to drag-force prediction
the transition regime, which will be discussed in Sec. V. F
Kn@1, Eq. ~19! is reduced tow50.9$121/@11(R/b)a#%.
Here the constant 0.9 ensures that the scattering approa
the diffuse-to-specular ratio of 90 to 10 for largeR values, in
agreement with Millikan’s observation@3#. The constantb is
related to the particle size at the transition from specula
diffuse scattering. The curvature or sharpness of the tra
tion is determined by constanta. These empirical constant
are subsequently determined by fitting them against avail
experimental data, as will be discussed below.

In recent years there have been several studies@12,20,21#
that compared mobility sizes measured by the differen
mobility analyzer~DMA ! with sizes measured by transmi
sion electronic microscopy~TEM!. These measuremen
were made for nearly spherical silver particles in nitrog
@20,21# and copper oxide particles again in nitrogen@12#.
The particles are as small as 1.7 nm in radius. These dat
reproduced in Table III. On average, the mobility size w
found to be larger than the TEM size by about 20%. This
expected since the DMA measurements used the Sto
Cunningham formula~1!, which is inherently consistent with
the diffuse-scattering limit and does not consider the in
ence of potential force of interactions between the fluid m
ecule and particle.

The experimental data just discussed are used here to
tain the constants in Eq.~19!. Specifically, the ‘‘experimen-
tal’’ drag coefficientskd52F/V are derived from the mobil-
ity radiusRDMA for each experiment given in Table III, usin
the Stokes-Cunningham formula~1!. The viscosity of nitro-
gen was appropriately chosen for the temperature of 29
and under 1 atm pressure and equal to 1.7831024 cp
06120
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@17,22#. The A and B values are the same as those used
the original work, equal to 1.257 and 0.4, respective
@12,21#.

The values ofa and b are obtained by a best fit to th

TABLE III. Particle sizes~nm! measured by TEM, DMA, and
predicted by the current theory.

RTEM RDMA Error ~%! RTheory Error ~%!

Ag @20#

11.15 13.75 23.3 12.06 8.2
9.45 11.05 16.9 9.60 1.6
7.20 7.70 6.9 6.61 28.2
6.85 8.10 18.2 6.91 0.8
6.65 9.75 46.6 8.25 24.1
6.45 8.10 25.6 6.87 6.5
5.85 6.60 12.8 5.57 24.8
5.20 6.60 26.9 5.49 5.6
4.98 5.38 8.0 4.47 210.3
4.97 6.85 37.8 5.65 13.7
4.94 5.90 19.6 4.88 21.1
4.27 5.38 26.0 4.38 2.5
3.97 4.20 5.8 3.39 214.6
3.94 3.41 213.3 2.76 229.8
3.42 4.20 22.8 3.33 22.5
3.30 4.81 45.8 3.79 14.8
3.08 4.20 36.6 3.31 7.7
2.71 3.41 26.1 2.82 4.1
2.62 3.41 30.0 2.86 9.0
1.93 2.43 26.0 2.09 8.5
1.66 2.40 45.0 1.99 20.4

Mean error 23.5 9.5
Ag @21#

10.74 12.27 14.3 11.05 3.0
8.04 9.99 24.3 8.76 9.1
7.78 8.14 4.6 7.13 28.3
6.14 6.65 8.2 5.71 26.9
3.76 5.38 42.8 4.33 15.2
3.66 4.40 20.1 3.53 23.5
2.97 3.61 21.8 2.90 22.2

Mean error 19.4 6.9
Cu2O @12#

4.47 5.63 26.0 4.52 1.2
3.77 4.59 21.8 3.60 24.5
3.16 3.74 18.4 2.89 28.5
2.92 3.38 15.6 2.63 29.8
2.68 3.05 14.0 2.49 27.1
2.40 2.76 15.0 2.34 22.1
2.26 2.49 10.4 2.12 25.9
1.94 2.25 16.3 1.87 23.2
1.67 2.03 21.9 1.63 22.2
1.47 1.84 24.8 1.41 23.8
1.28 1.66 30.2 1.22 24.5

Mean error 19.5 4.8
7-7
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three sets of ‘‘experimental’’ drag coefficients by combini

Eqs. ~2!, ~3!, and ~19!. The collision integralsVs
(1,1)* and

Vd
(1,1)* are determined using the Lennard-Jones poten

function parameters and the mass density values show
Table IV. The combination rules@Eqs. ~10! and ~11!# are
used to determinesg2p . The best fit gives

w5
110.9Kn$121/@11~R/2.5!15#%

11Kn
, ~20!

where R is in units of nm. Table III and Fig. 6 show th
comparison of the radius predicted by the current theory
the TEM radius. It is seen that the theory predicts well

FIG. 6. Comparison of particle radius determined by the curr
theory and the TEM radius. The dashed lines illustrate the pre
tions using the limiting cases ofw50 ~specular scattering! and
w50.9 ~predominantly diffuse scattering!.

TABLE IV. Lennard-Jones 12-6 parameters for the potential
ergy of self-interactions and the mass density of particle mate
used in the analysis.

Atom ~molecule! sg ~Å! «g ~K! Reference/comments

N2 3.652 98.4 @15#

Air 3.652 98.4 Same as N2

sp ~Å! «p ~K!

Ag 2.540 3995.4 @16#

Cu2O 4.124 2909.1 @12#

C ~protein! 3.500 33.3 @23#

rs (g/cm3)

Ag 10.5 @17#

Cu2O 6.1 @12#

Protein 1.28 @18#
06120
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TEM radius over the entire range of radius. The mean e
in the predicted radius is 7.7%, substantially better than
Stokes-Cunningham formula.

We examined the sensitivity of the drag-force predicti
with respect to the form of the momentum-accommodat
function and its parameters. Figure 7 shows two sets
sample momentum-accommodation functions used in
analysis. The first set is given by Eq.~19! with the constants
a andb given in Fig. 7. In the second set, we used a sligh
different function, given by

w5
110.9Kn@11e2a(R2b)#

11Kn
, ~21!

wherea andb are again constants and listed Fig. 7. Table
presents a comparison of the percentage errors of par
radius predicted by these functions, along with several ot

t
c-

FIG. 7. Samples of the momentum-accommodation funct
used in the current analysis.

-
ls

TABLE V. Sensitivity of the theory to the parameters
momentum-accommodation function.

Case a b ~nm! Mean error~%!

Eq. ~19!

1 15 1.5 9.34
2 15 2.5 7.84
3 15 3.5 9.02
4 10 2.5 7.85
5 20 2.5 7.84
6 50 2.5 7.77

Eq. ~21!

1 5 1.7 9.10
2 5 2.7 7.74
3 5 3.7 9.70
4 4 2.7 7.75
5 10 2.7 7.75
6 50 2.7 7.88
7-8
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DRAG FORCE, DIFFUSION COEFFICIENT, . . . . II. . . . PHYSICAL REVIEW E 68, 061207 ~2003!
cases not shown in Fig. 7. It is seen that given the scatte
the experimental data, the accuracy of the predictions is
very sensitive to the constant values: nor is it sensitive to
functional forms examined.

This insensitivity does not undermine the need to use
momentum-accommodation function that switches fr
specular scattering to diffuse scattering as the particle ra
increases. Without the use of the momentum-accommoda
function, the TEM and mobility data cannot be reconcil
over the entire range of particle size. This point is dem
strated by the dashed lines shown in Fig. 6, which depict
radius predicted in the limit of specular scattering and by
90% diffuse and 10% specular mix.

The transition from specular to diffuse scattering happ
at a particle radius of 2–3 nm, based on theb value@equal to
2.5 as shown in Eq.~20!# obtained by fitting the experimen
tal data of Table III. This radius is larger than the val
quoted by Tammet’s@24#, e.g., 1–2 nm in diameter. Th
switch function in Tammet’s formula is a function ofA1B
in the Stokes-Cunningham formula. Therefore, the sma
particle size for the transition may be attributed to the in
curacy in the Stokes-Cunningham formula for nanosized p
ticles. Regardless, the physical reason for this transition
have to be investigated in future studies.

IV. COMPARISON OF THE CURRENT THEORY
WITH OTHER DATA

Recently, Ferna´ndez de la Moraet al. @18# reported a
comprehensive study of nanoparticle size determination
mobility analysis and focused impaction. The electric mob
ity values were measured as a function of particle size fo
large number of silver particles with mass ranging from 3
160310220 g or diameter ranging from about 1 to 4 n
~based on a mass density of 7.9 g/cm3 @18#!. Furthermore,
Kauffman et al. @25# reported the mobility of protein nano
particles with mass ranging from 1 to 110310220 g or diam-
eter ranging from 1 to 6 nm~based on a mass density
1.28 g/cm3 @18#!. These data provide the much needed t
cases for the current theory.

A comparison between the aforementioned experime
and predictions from the current theory is made followi
the same fashion as that in@18#. The relevant potential func
tion parameters and mass density values are given in T
IV. Figure 8 presents aZ21/2 versusmp

1/3 plot, where the
symbols are experimental data and lines are predicted f
the current theory. Following the work of Ferna´ndez de la
Mora et al., we used two different mass density valuesrs
57.9 and 10.5 g/cm3 for silver particles. It is seen that th
current theory agrees very well with the data for small p
ticles usingrs57.9 g/cm3 and for large particles withrs
510.5 g/cm3. Unlike the formula of Friedlander@8# and
Fernández de la Moraet al. @18#, which predict a linear de-
pendence betweenZ21/2 and mp

1/3, the current theory pre
dicts a subtle curvature in the relation betweenZ21/2 and
mp

1/3. Obviously, the curvature is caused by the transition
around 2–3 nm in particle radius, from specular scatter
for small particles to diffuse reflections for large particles

The theory is found to be in good agreement with t
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protein data. The minor discrepancy between experime
data and the current theory could be a consequence o
inaccuracy of the potential parameters used in our analy
Since these parameters are not known, we opt to estim
them using the parameters of carbon~see Table IV!. Obvi-
ously, these estimates are rough at best. The disagree
could also be caused by an inaccuracy in the moment
accommodation function, as there is no theoretical evide
to confirm that this function is independent of the partic
material and atomic structure on the particle surface. T
issue will be examined in a future study.

V. GENERALIZED DRAG-FORCE FORMULA

The theoretical result of the free-molecule regime may
extended to the entire range of Knudsen number followin
semiempirical approach, as outlined in the Appendix. S
cifically, we propose that the drag force be modeled by

F5
a8

~11a8w!1/w F`

52
8

3

a8

~11a8w!1/wA2pmrkTNR2Vavg
(1,1)* V, ~22!

where

a85
9A2pm

8Vavg
(1,1)*AmrkTNR

, ~23a!

and w is an empirical constant obtained from a best fit
experimental data of Millikan@2,3#. The expression fora8
can be expressed equivalently in terms of the Knudsen n
ber as

FIG. 8. Comparison of experiment~symbols! and theory~lines!
for Z21/2 vs mp

1/3. The silver data are taken from Ferna´ndez de la
Mora et al. @18# and the corrected protein data taken from Kaufm
et al. @25#.
7-9
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a85
45p

64
A11

mg

mp

Kn

Vavg
(1,1)* V (2,2)*

, ~23b!

whereV (2,2)* is the reduced collision integral of fluid vis
cosity @4#. Here it is worth noting that for Kn!1, we have
a8→0. Putting Eq. ~23a! into Eq. ~22!, we obtain F5
26pmRV, i.e., Stokes’ drag-force equation under the st
boundary condition. For Kn@1, we havea8→`, and there-
fore F5F` .

Millikan @3# introduced the variableA8, and in the con-
text of the Stokes-Cunningham formula@Eq. ~1!#, he defined
it as A85A1Be2E/Kn. The values ofA8 were indirectly
measured for a large number of droplets@2,3# and were later
reanalyzed by Allen and Raabe@26#. We derived the drag-
force values for these experiments usingF56pmRV/(1
1A8Kn) and found that Eq.~22! with a w value of 1.143
agreed well with these derived data. Here the viscosity of
is taken from Schilichting@30#, i.e.,

m5m0S T

293.15D
3/2S 293.151T0

T1T0
D , ~24!

wherem051.81931024 cp andT05110.4 K.
Figure 9~a! shows the values ofF/(6pmRV) derived

from theA8 data tabulated in@26# and those predicted by Eq
~22! @27#, over a range of Knudsen number. It is seen that
agreement is very good. In Fig. 9~b!, we plot the deviations
of Eq. ~22! in the predicted drag-force values and comp
them to the Stokes-Cunningham formula~using the param-
eters of Allen and Raabe@26#!. Clearly, the current theory is
as accurate as the Stokes-Cunningham formula of the
known parameters over the entire range of Knudsen num
We note, therefore, that the ability to predict the mobility
nanosize particles and its rigorous theoretical foundation
the Kn@1 limit makes the current theory a far more gene
treatment for spherical particle transport in dilute gases t
the Stokes-Cunningham formula.

VI. SUMMARY

In the present paper we demonstrated a generalized t
ment for the drag force, electric mobility, and diffusion c
efficient of spherical particles in dilute gases and for Kn@1.
The treatment is based on the theoretical derivation of p
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ticle drag of paper I, obtained for two limiting scatterin
models. The current theory was validated against the av
able experimental data. Extending the current theory in
Kn@1 limit, we propose that the drag force for spheric
particles in the entire range of the Knudsen number
treated by the following equation:

F52
8

3
~11a821.143!20.875A2pmrkTNR2Vavg

(1,1)* V,

~25!

where the expression ofa8 is given by Eq.~23b!, the average

collision integralVavg
(1,1)* is given by

FIG. 9. ~a! Comparison ofF/(6pmRV) values based on the
experimental data of Millikan@2,3# and those predicted using Eq
~22!; ~b! comparison of the percentage deviations of the drag fo
predicted from the Stokes-Cunningham formula (A51.155, B
50.471, andE50.596 @26#! and from the current theory. The ex
perimentalF/(6pmRV) values were calculated from Millikan’s
A85A1Be2E/Kn values given in@26#.
Vavg
(1,1)* 5

Vd
(1,1)* 1Kn~0.9Vd

(1,1)* 10.1Vs
(1,1)* !20.9Kn~Vd

(1,1)* 2Vs
(1,1)* !/@11~R/2.5!15#

11Kn
, ~26!

and last, the reduced collision integrals for diffuse and specular scattering are expressed by

Vd
(1,1)* 511

p

8
1F1.0721

2.078

T* 1/4 1
1.261

T* 1/2G S s

RD1F3.2852
8.872

T* 1/4 1
5.225

T* 1/2G S s

RD 2

, ~27!

Vs
(1,1)* 511F0.3161

1.47

T* 1/41
0.476

T* 1/2G S s

RD1F1.532
5.013

T* 1/4 1
4.025

T* 1/2G S s

RD 2

. ~28!
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In the above equation, the modified reduced temperatur
given by

T* 5
3kT

2

M̄

p«s3rs
, ~29!

ands5(sg1sp)/2 and«5A«g«p, wheresp and«p are the
self-collision diameter and well depth of the Lennard-Jon
potential function for the constituent atom or molecule of t
particle material andsg and«g are those of the molecules o
the gas media. Last, we note that Eq.~25! is generally appli-
cable to other particle transport properties including the
fusion coefficient@5#.
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APPENDIX: A SEMIEMPIRICAL TREATMENT OF THE
DRAG FORCE IN THE TRANSITION REGIME

From the standpoint of continuum mechanics, the dr
force equations differ primarily in the boundary conditio
@28#. For the continuum regime, the stick boundary condit
was assumed. At the microscopic level, this boundary co
tion implies that the relative velocity of the fluid molecule
at the surface of the particle is zero. For the free-molec
regime, the particle exhibits no net effect on the velocity
the fluid molecules, which is referred to as the slip bound
condition. The transition regime represents an intermed
boundary condition, which will be treated here by the g
kinetic theory. Although the mathematical treatment below
rigorous, physically the approach is semiempirical. Beca
the transition regime corresponds to relatively large partic
we neglect the potential force of interactions between
particle and fluid molecule.

Consider a coordinate system shown in Fig. 10. The
gin O8 is an arbitrary point on the surface of the particle w
x axis being tangential to the surface andz axis directing to
the center of the particle.u is the angle between the incom
ing fluid flow and thez axis. Assuming the equilibrium ve
locity of gas molecules is denoted byV with vx , vy , andvz
being the components inx, y, andz directions, respectively
The velocity distribution function of the incident molecule
f i , under the assumption of slip boundary condition, is giv
by @29#

FIG. 10. Schematic of the coordinate system of free-molec
flow.
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f i5
N

~2pkT/mr !
3/2

3expS 2
~vx2V sinu!21vy

21~vz2V cosu!2

2kT/mr
D ,

~A1!

and the velocity distribution function of the reflected mo
ecules,f r , is

f r5
c

2p~kT/mr !
2 expS 2

vx
21vy

21vz
2

2kT/mr
D , ~A2!

wherec is the incident molecular flux,

c5E
0

`E
2`

` E
2`

`

vzf idvxdvydvz . ~A3!

For the transition regime, we assume that the overall ef
of the particle on the velocity of gas molecules could
represented by a factora* and the velocity of the gas mol
ecules around the particle isa* V rather thanV, so that Eq.
~A1! is replaced by

f i5
N

~2pkT/mr !
3/2

3expS 2
~vx2a* V sinu!21vy

21~vz2a* V cosu!2

2kT/mr
D .

~A4!

The incident molecular flux on the area element around
origin, dA, is

ni5E
0

`E
2`

` E
2`

`

vzf idvxdvydvzdA, ~A5!

so that momentum flux is given by

Mi5E
0

`E
2`

` E
2`

`

mrVvzf idvxdvydvz . ~A6!

The pressure and shear due to the incident molecules ar
components of momentum flux of incident molecules in t
z andx directions,

pi5E
0

`E
2`

` E
2`

`

mrvz
2f idvxdvydvz , ~A7!

t i5E
0

`E
2`

` E
2`

`

mrvxvzf idvxdvydvz , ~A8!

respectively. Likewise, the pressure and shear due to the
flected molecules are

pr5E
2`

0 E
2`

` E
2`

`

mrvz
2f rdvxdvydvz , ~A9!le
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t r5E
2`

0 E
2`

` E
2`

`

mrvxvzf rdvxdvydvz . ~A10!

The differential drag forcedF is therefore given by

dF5@~pi1pr !cosu1~t i1t r !sinu#dA. ~A11!

Integrating Eq.~A11! over the surface of the particle, w
obtain the drag force as

F52pR2E
0

p

@~pi1pr !cosu1~t i1t r !sinu#sinudu

52pR2NkTH 112S2

2SAp
exp~2S2!

1
S41S221/4

S2 erf~S!1
ApS

3 J , ~A12!

whereS5a* V/A2kT/mr . In general, the value ofS is of the
order of 1023 if a* V;1 m/s. Expanding Eq.~A12! around
S50 in a Taylor series and truncating the terms higher th
the second order, we obtain the first-order approximation
the drag force as

F5
8

3 S 11
p

8 Da* A2pmrkTNR2V. ~A13!

In the above equation, the~11p/8! term derives from the
rigid-body collision assumption and can be replaced by
effective, reduced collision integral. Therefore, Eq.~A13!
can be rewritten as
fi-

f
e,

ics
P

06120
n
r

e

F5
8

3
Vavg

(1,1)* a* A2pmrkTNR2V. ~A14!

Obviously, a* takes the limiting value of unity as Kn→`.
On the other hand, the drag force should approach the l
of Stokes’s equation as Kn→0, i.e.,

F056pmRV. ~A15!

Equating Eqs.~A14! and~A15!, we obtain the second limit-
ing a* value as

a* →a85
9A2pm

8Vavg
(1,1)*AmrkTNR

. ~A16!

We expect that in the transition regime the velocity of g
molecules lies betweenV anda8V. For this reason, we in-
troduce an empirical expression to model the transition
gime as

a* 5
a8

~11a8w!1/w , ~A17!

wherew is an empirical constant. It can be shown that f
Kn→0, we havea8!1, and thereforea*5a8. With Kn→`,
we havea8@1 and a*51. The drag force over the entir
range of Knudsen number is then modeled by

F5a* F` ~A18!

Of course, the above equation satisfies the two limit
boundary conditions in the large- and small-Knudse
number limits.
ys.
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